We compute the critical exponents associated with a magnetic line defect in the critical 3D Ising model. From the result, we deduce the anomalous dimension of the fermion operator in the z = 1 scaling regime of a Fermi surface coupled to a O(1) Wilson-Fisher fixed point. We introduce a generalization of the Wolff cluster algorithm to O(N ) spin systems with a background magnetic field.
I. INTRODUCTION AND SUMMARY OF RESULTS
The context of this work is the study of critical metals, that is, of a Fermi surface coupled to some gapless bosonic degree of freedom 1-3 . In particular, we focus on a Fermi surface coupled to a Wilson-Fisher critical boson.
At very low energy, the boson fluctuations are damped by the Fermi surface, and the theory flows to a nonrelativistic fixed point. However, there are models in which over a substantial energy range the damping effect is negligible, and the boson dynamic is simply that of a Wilson-Fisher fixed point [4] [5] [6] [7] . This regime is the focus of our work. Moreover, the Fermi velocity of the fermions flows to zero in this regime 7, 8 , so we consider dispersionless fermions. This problem has been analyzed with perturbative methods in ref. 9 .
Since under our assumptions the Fermions do not move and do not affect the boson, we may as well consider a single particle sitting at x = 0. That is, we consider the hamiltonian
where H b is the Z 2 invariant hamiltonian that governs the boson φ, which we assume tuned to the WilsonFisher fixed point. In this system, for any non-zero h, the fermion Green's function satisfies has following nonFermi liquid scaling behavior 9 :
where η ψ is a universal anomalous dimension, and δµ is a non-universal renormalization of the chemical potential.
The main result of this work is that
which we obtain from a Monte Carlo simulation. From the point of view of the boson, the problem is that of a magnetic impurity introduced at x = 0 for a time τ and then removed:
A regularization of this system on the lattice is the critical 3D Ising model with a defect line created by a non- zero magnetic field (see fig. 1 ):
with
where a denotes the sites of a cubic lattice of sides L 1 , L 2 , L 3 and1,2,3 are the generators of the lattice. We subtracted the constant hτ from the usual form of the energy so that the limit h → ∞ is well defined. A similar problem of a line twist defect in the Ising model has been studied in ref. 10 . According to (4) we have log G(τ ) = F (0) − F (τ ), and hence, in the thermodynamic limit L i → ∞, if the coupling J is tuned to the critical value and for any non-zero h, we expect the following scaling behavior
Section II describes more in detail how we determine η ψ by fitting Monte Carlo data to this relation.
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In addition to the free energy F , another interesting observable is the profile of the magnetization in the presence of a defect line that spans the entire system
which in the thermodynamic limit must also have a nontrivial scaling behavior
where the scaling dimension ∆ is universal. As described in section III, by fitting Monte Carlo data to this relation we determine
This result is broadly consistent with the hypothesis 9 ∆ = (1 + η)/2 = 0.5182(3), where η = 0.0364(5) is the anomalous dimension of the σ operator 11 . In section IV we describe the details of the simulation strategy, and in particular how to include a magnetic field in the Wolff cluster algorithm for the Ising model.
II. GREEN'S FUNCTION
It is not possible to compute the free energy F directly, but it is possible to compute the free energy difference between two values of τ :
. (11) This quantity becomes increasingly noisy as τ 2 −τ 1 grows, so we compute it for a sequence for pairs (τ, τ +1). Moreover, for simplicity, we take the limit h → ∞, and we have
where θ is the Heaviside theta. Based on the scaling form (7) we model the data as
Here τ takes half integer values, and the last term is a correction to scaling, negligible at large τ . Fig. 2 displays the data and the fit to this form. Every point is the average of a number of identical independent simulations. The observable is very noisy and the statistical errors we obtain employing reasonable computational resources are bigger than the finite size effects at size 128 3 and 256 3 . Therefore, there is no use for finitesize scaling.
We find δµ = 0.3139(4) , η ψ = 0.187(7) , c 3 = −0.16(2) ,
where the errors are evaluated with a statistical bootstrap of the whole data set. Residuals of the finite size scaling fit (15) with a = 1.60, from r = 6 at the bottom to r = 25 at the top. Total χ 2 = 18 with 37 degrees of freedom.
III. MAGNETIZATION PROFILE
We compute the profile of the magnetization (9) for system sizes 192 3 , 256 3 , 384 3 and 512 3 . For every system size, we carry out a number of identical independent simulations, from which the profile is extracted, with the corresponding error. The statistical errors are sufficiently small to allow for finite size scaling. We assume the form
with a = 1.60. The residuals of the fit are shown in fig. 3 . We evaluate the errors on m(r) with a statistical bootstrap of the whole data set. For the range of r we can access, there are substantial corrections to scaling. Therefore we assume the form 
Here as well errors are determined using statistical bootstrap. The data and the best fit are shown in fig. 4 .
IV. SIMULATION STRATEGY
When studying critical phenomena it is crucial to use algorithms that do not suffer from critical slowdown. Luckily there exists 13 a straightforward generalization of Wolff algorithm 12 that allows the simulation in presence of a background magnetic field. Let us briefly discuss it.
We want to simulate the partition function
where σ i are unit vectors on the nodes of a graph, and u is a unit vector specifying the direction of the magnetic field. In order to do so, we introduce the partition function of an extended system which involves an extra O(N ) integration variable ρ:
This is the partition function of an O(N ) model with no magnetic field, defined on a different graph in which the ρ spin is coupled to every other spin σ i with a coupling h i . This partition function is suitable for simulation with the Wolff algorithm. We also introduce an orthogonal matrix R(ρ|u) such that
for example the Householder reflection
It is easy to show that, for any observable F [σ], we have
In our case, we deal with the O(1) = Z 2 (Ising) model. The magnetic field is nonzero only on a line of sites. For simplicity, we also go to the extreme limit of an infinite magnetic field, so that the spins of this line are fully polarized. In the extended model, all these spins are locked to the spin ρ by the infinite coupling h i , and hence also locked together. Therefore, the simulation boils down to applying the Wolff algorithm to the original system with all the couplings J ij between spins on the line set to infinity. When computing an observable, all the spins involved are first multiplied by the common sign of the spins belonging to the line. This is the equivalent of the multiplication by R(ρ|u) in this simpler setting.
